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Abstract 



Matrix descriptions of higher dimensional spherical branes are investigated. It is known that a 

fuzzy 2fc-sphere is described by the coset space SO(2k + 1)/U(k) and has some extra dimensions. 

fc(fc-i) 

It is shown that a fuzzy 2/c-sphere is comprised of n 2 spherical D{2k — l)-branes and has 
a fuzzy 2(k — l)-sphere at each point. We can understand the relationship between these two 
viewpoints by the dielectric effect. Contraction of the algebra is also discussed. 
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1 Introduction 



Some new features of string theory appeared since the discovery of the D-brane One 
of the recent interesting developments is the appreciation of noncommutative geometry. A low 
energy effective action of N coincident D-branes is described by the U(N) Yang Mills theory. In 
this theory, U(N) adjoint scalars represent the transverse coordinates of this system 0. Since 
they are given by U(N) matrices, this fact suggests that the space-time probed by D-branes is 
related to noncommutative geometry. It is discussed that a world volume theory on D-branes in 
the presence of a constant NS-NS two-form background is described by a noncommutative gauge 
theory [31 |U |5| . Myers showed that a low energy effective action of N Z)-branes in the presence of 
a constant Ramond-Ramond background has an additional Chern-Simons term, and the minimum 
of the potential is given by the configuration where transverse coordinates form a fuzzy sphere 
[§]. The ideas of noncommutative geometry found a prominent role in string theory. 

Higher dimensional fuzzy spheres have been investigated in some contexts |151 1161 1171 1181 1191 
The authors in 21 showed that the matrix description of a fuzzy 2/c-sphere is given 
by an SO(2k + 1)/U(k) coset space which is a k(k + 1) dimensional space. The stabilizer group 
of this noncommutative manifold is not SO (2k) but U(k). For example, a fuzzy four-sphere is 
described by SO(5)/U(2), being a six dimensional space. In general, a higher dimensional fuzzy 
sphere has some extra dimensions. The existence of them is important for the quantization of 
a higher dimensional sphere. It is well-known that noncommutative geometry is realized by the 
guiding center coordinates of electrons in a constant magnetic field. The fuzzy four-sphere is 
naturally realized by the quantum Hall system which was constructed in j23j . The realization was 
first investigated in [2Sj- The system in [2S] is composed of particles moving on a four dimensional 
sphere under an SU(2) gauge field. It was shown that the configuration space of this system 
is locally S 4 x S 2 which is consistent with the result in |21) . There were further analyses in 
[HI H3 HO US EH following these papers. 

The purpose of this paper is to investigate higher dimensional spherical branes in matrix 
models and to elucidate the extra dimensions which appear from fuzzy spheres. The organization 
of this paper is as follows. A fuzzy four-sphere is considered as a example of higher dimensional 
fuzzy spheres in section|2j Some parts overlap with [2Sj. We begin with the £0(5, 1) algebra. It is 
explained that the manifold which is described by this algebra becomes locally S 4 x S 2 in a large 
N limit. The extra two dimensional sphere is added to make a four-sphere symplectic manifold. 
The procedure of the Inonii-Wigner contraction gives a six dimensional noncommutative plane 
whose algebra is given by the Heisenberg algebra. Two out of the six dimensions come from the 
extra two-sphere. In section |3] we study higher dimensional fuzzy spheres. A fuzzy 2/c-sphere is 
defined by the S0(2k + 1, 1) algebra. It is shown that a fuzzy 2/c-sphere with a radius a 2 n(n + 2k) 
has a fuzzy 2{k — l)-sphere with a radius a 2 n(n + 2k — 2) at each point. A fuzzy 2/c-sphere is a 
k(k + 1) dimensional space including a extra k(k — 1) dimensional space which originates from 
a fuzzy 2(/c — l)-sphere. Taking a large N limit leads to a smooth manifold which is given by 
S 2k x S 2i - k ~ 1 ^ x • • • x S 2 . Contraction of the algebra gives a k(k + 1) dimensional noncommutative 
plane. In section 0] we give some comments about matrix models whose classical solutions are 
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fuzzy spheres. If we expand matrices around a fuzzy sphere solution, a matrix model action gives 
a noncommutative Yang-Mills action on it. The advantage of such formulation is that we can 
define the derivative and formulate matrix models in terms of field theories. The size of matrices 
plays a role of cut-off, and noncommutative Yang- Mills theories have no divergences. In section [5] 

we evaluate the value of the matrix model action for fuzzy spheres. The estimation leads to the 

fc(fc-i) 

fact that a fuzzy 2/c-sphere is comprised of n 2 D{2k — l)-branes in the matrix model. The 
dielectric effect of D-branes manifests the structure of a higher dimensional fuzzy sphere in an 
interesting way. Sectional is devoted to summary and discussions. 

2 Fuzzy four-sphere 

2.1 Matrix description of fuzzy four-sphere 

In this section, we briefly review the algebra of fuzzy four-sphere I2() | l2*T]. As a beginning, 
we examine the SO(5, 1) algebra which is given by 



[Jmn, Jop] = 2 (tinoJmp + vmpJno — vmoJnp — vnpJmoj , (1) 
where M, N, . . . run over to 5 and tjmn = diag(—l, 1, . . . , 1). These matrices are constructed as 

■V = (i> ®i®---®i + i®r Mi ,®---®i + -- - + i®i®---® i» Sym , (2) 

where /i and v run over 1 to 5. These are constructed from the n-fold symmetric tensor product 
of the five dimensional Gamma matrices and Sym means the completely symmetrized tensor 
product. The size of the matrices is given by 

N= -(n + l)(n + 2)(n + 3). (3) 
b 

We now explain that this algebra describes noncommutative geometry which becomes locally 
S x S 2 in a large ./V limit if we regard Jo^ = 1 as coordinates of the four-sphere and = G^ u 
as coordinates of the two-sphere. If we rewrite (0) using and G^, we have 

[Gfj,, G v \ = IG^v, 

[G>, G u \] = 2 (s^Gx — S^xG^j , 

[G^v, G\ p ] = 2 (s u \G w + SppG^x - 5p\G up - & vp Gp\j , (4) 

where Gp V form the SO (5) algebra. The fuzzy four-sphere is constructed to satisfy the following 
two conditions, 

Cx a (5) 

and 

x^x^ = p 2 , (6) 



1 Note that Tq^ is hermitian. 
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where are coordinates of the fuzzy four-sphere and p is a radius of the sphere. This sphere 
respects the 50(5) invariance. Such constructed as 

x M = aGfj,, (7) 

where a is a dimensionful constant. If we use some formulae which are summarized in appendix 
1X1 C and p is given by 

C = (8n + 16)a 3 (8) 

and 

p 2 = a 2 n(n + 4). (9) 

Let us next observe that a fuzzy two-sphere exists at each point on the fuzzy four-sphere. 
We can always diagonalize a matrix G M out of the five matrices. We diagonalize x§ = aGs as 
in appendix El The SU(2) x SU(2) algebra is constructed from the 50(4) algebra, which is the 
stabilizer group of a usual four-sphere: 

[N h Nj] = 2ie ijk N k , [Mi, Mj] = 2ie ijk M k , [M h Nj] = 0, (10) 

where 

Ni = -^(G 23 -0 14 ), 

n 2 = 1 -(g 13 + g 24 ), 

N 3 = ~(g 12 -G u ), 
These are compactly summarized as 

^ = -^A- M i = ~fj i ab d ab , (12) 

where rf ab = €^4. — 5i a 5^, + 5^5^, and ff ab is obtained by changing the signs in front of the second 
and third terms of rf ab . The Casimir of each SU{2) algebra at the north pole is evaluated as 

NA = I(n + G 5 )(n + 4 + G 5 ) =n(n + 2), 

MiM = I(„_G 5 )(n + 4-G 5 ) = 0, (13) 

where we have used O5 = n. Then we have a fuzzy two-sphere, which is given by the (n + 1) 
dimensional representation of SU(2), at the north pole. The radius of the fuzzy two-sphere is given 
by a 2 n(n + 2), being comparable with that of the fuzzy four-sphere. Since the fuzzy four-sphere 
has the 50(5) symmetry, we can state that the fuzzy two-sphere, which is given by the (n + 1) 
dimensional representation of SU(2), exists at each point on the fuzzy four-sphere. 

We later consider this noncommutative manifold as a classical solution of a matrix model. Since 
we expand the matrices around the 50(5) vector G^, it may be natural to regard the two-sphere 
as a internal space. In this sense, this noncommutative space is called fuzzy four-sphere. Let us 
comment on the stabilizer group of this manifold. It is known that a usual four-sphere is described 



Mi = (G 2 3 + Gi4), 

M 2 = % - (Oi 3 - G 24 ) , 

M 3 = -- (Gi 2 + G34) • (11) 
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as 50(5)/50(4) and the stabilizer group is 50(4). The paper reported that the stabilizer 
group of the fuzzy four-sphere is not 50(4) but U(2) whose generators are Mj (i = 1, 2, 3) and N3. 
This reason can be understood from the viewpoint of the deformation quantization. Since a usual 
four-sphere does not have the Poisson structure, it is difficult to quantize such a space. On the 
other hand a manifold which is described by 50(5)/f7(2) has the Poisson structure. Therefore we 
quantize SO(5)/U(2) ~ 50(5)/50(4) x SU(2)/U(l) ~ 5 4 x 5 2 instead of 50(5)/50(4) ~ 5 4 . It 
is not difficult to understand that the fuzzy two-sphere plays the role of the symplectic form. This 
picture becomes more manifest when we consider a contraction of the algebra, which is considered 
in section 12.31 

The authors of ^B] constructed this fuzzy four-sphere as a longitudinal five-brane in the context 
of BFSS matrix model. They showed that N and n represents the number of D-particles and that 
of longitudinal five-branes respectively. (In section we regard this system as D-branes in IIB 
matrix model. ) Therefore the fuzzy four-sphere is composed of n overlapping longitudinal five- 
branes. The existence of the fuzzy two-sphere is explained via the dielectric effect found by Myers 
If we notice a point on the overlapping five-branes, we have n D-particles. A collection of 
n .D-particles expands into the fuzzy two-sphere as in (|1U|) . The expansion is along the extra 
dimensions. 

Since 50(5)/£/(2) is isomorphic to SO(Q)/U(3), we may use either algebra as the starting 
point of the algebra which defines the fuzzy four-sphere. We have used the latter algebra for 
later convenience. (The Wick rotation is needed.) The stabilizer group of the 50(5, 1) algebra is 
U(2, 1) whose generators are Mi, N3 and G^. 

Let us investigate the lower dimensional brane charge in the four-branes 2 . A two-brane charge 
is given by tr[x^,x u ] oc tr(N + M) and it is vanishing at each point on the four-sphere. It appears 
after the contraction of the algebra (see (jHOjl or (|3*T|) ). 

Since we are now considering the N x N matrix, we have N quanta in this system. The area 
occupied by the unit quantum on the four-sphere is 

f ?rVn _ 167rVn 

N ~ (n + l)(ra + 2)(n + 3)' ( ' 

where 87r 2 /? 4 /3 is the area of the four-sphere. This is a noncommutative scale on the four-sphere. 
Since there are n quanta on the fuzzy two-sphere, the number of the quanta on the fuzzy four- 
sphere is N/n. There are n ~ Na quanta at each point on the four-sphere which has n 2 ~ iVs 
points. 

A classical sphere is expected to be recovered in a large N limit. We consider a large N limit 
with the radius p of the sphere fixed. In other words, it is an a — > limit with p fixed . We define 
coordinates w^ v as 

Wfw = iaG^. (15) 
The coordinates of the four-sphere commute each other in this limit, 

[xp, x v \ = -Haw^ ~ 0{ap) -> 0. (16) 

2 In this paper, we use the term "four-brane" to refer to a four dimensional object. If we treat it in IIB matrix 
model, it means D3-brane. 
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The coordinates x^ and «)„„ also become commuting matrices, 

[x^w^x] = 0, [w^,w Xp \ = 0. (17) 
Thus we have obtained the classical manifold of S 4 x S 2 . 

2.2 Noncommutative field theory on fuzzy four-sphere 

In this subsection, a noncommutative gauge field theory on the fuzzy four-sphere is investigated 
using a matrix model [28] . It is known that matrix models provide the definition of noncommu- 
tative Yang- Mills, and the idea is to expand matrices around a classical solution [51 IIP! IT!?] . We 
expand the matrices as follows, 

= + apa^ = ap + a^j . (18) 

The details of the model are explained in section 0J Note that we expanded only around x M . 
We do not consider fluctuations around w^ v . Fields on a noncommutative sphere are expanded 
by noncommutative analogue of the spherical harmonics. In this case, such a noncommutative 
spherical harmonics is given in |2UJ. The bases are classified by the SO (5) representations and the 
matrices are expanded by the irreducible representations of SO(5). The irreducible representation 
is characterized by the Young diagram. It is labeled by the row length {r\,r2) in this case. Note 
that the representations with r2 = correspond to a classical four-sphere. Summing up the 
dimensions of all irreducible representations with the condition n > r\ > r<i leads to the square 
of ./V [20]. We write the noncommutative spherical harmonics as Y rir2 (x, w) and expand fields as 
follows, 

n 

a(x,w) = ^2a rir2 Y nr2 (x,w), (19) 
n=0 <~ 2 

If we consider a function corresponding to the above matrix, 



n 

a{x,w) = ^2 ^2a rir2 Y rir2 (x,w), (20) 

ri=0 r 2 

a product of the fields becomes noncommutative and associative. We would like to emphasize 
that n plays a role of a cutoff parameter for the angular momentum r\. n is related to the size 
of the matrix and it gives UV and IR cut-off parameters. This means that a field theory on this 
noncommutative space has no divergences. 

When we consider the noncommutative field theory, an adjoint action of becomes the 
following derivative operator 



ad 



d d_ 

V 



- 2! (21 > 



and an adjoint action of Ga V becomes 



(Q d d d i 

X »dx~ u - Xv dx~» - W » X d^ + W » X d^ ) ■ (22) 
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We next discuss the Laplacian. It is natural to consider ad(G^) 2 to be the Laplacian from the 
matrix model point of view We now investigate the spectrum of the Laplacian. It is calculated 
as follows, 

[Gfj,, Y rir2 ]] = {nin + 3) - r 2 (r 2 + 1)) Y rir2 . (23) 

It is well-known that noncommutative geometry is realized by the guiding center coordinates of 
electrons in a constant magnetic field. The authors in [23] studied the quantum Hall system on 
a four dimensional sphere. Their system is composed of particles moving on a four dimensional 
sphere under an SU(2) gauge field. The existence of Yang's SU{2) monopole [21] in the system 
makes the coordinates of the particles noncommutative. They showed that the configuration space 
of this system is locally S 4 x S 2 where S 2 represents an iso-spin space. We find that the eigenvalues 
(J23J) exactly coincide with those of the Hamiltonian of a single particle on a four-sphere under the 
monopole background. 

2.3 Contraction of fuzzy four-sphere algebra 

In this subsection, we consider the Inonii-Wigner contraction of the algebra Q or @ in the 
vicinity of the north pole. By virtue of the 50(5) symmetry, this discussion is without loss of 
generality. 

is decomposed to G5 ~ n and G a , and G^ u to G ab and G a s at the north pole. Indices 
a,b,... run over 1 to 4. We rescale the matrices as 

„ 1 „ * 1 „ „ 1 * 

G = —=G a , G b = —j=G a b, G 5 = —j=G a 5- (24) 
\/n Jn Jn 



The radius of the four-sphere in the rescaled coordinate is 

p'2 = = a 2 " (n + 4) = -p 2 ~ a 2 n. (25) 
n n 

To contract the algebra, we take p' — » 00 (or n — > 00) limit with a fixed. From (|A.4|) . we have 

Gas = - (4G a - G ab G b ) . (26) 

If we use this equation, G a § is written in terms of G a and G a b at the north pole. Therefore 
independent matrices are now G a and G a b- The commutation relations of them are given by 

y/n 

\G a i Gfoc] = ~i= \ 5acG b — S a bG c ) , 



[G'ab, G' cd ] — —j= (SbcG' ad + S a dG' bc — S ac G' bd — 5 b dG' a( ^j . (27) 

Here we investigate the algebra of the fuzzy two-sphere in the large n limit. It determines 
the noncommutativity for the coordinates of the four-sphere. One of the three coordinates of the 
fuzzy two-sphere is diagonalized as follows, 

iV 3 = diag(n,n - 2, . . . , -n + 2, -n). (28) 
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When we take the large n limit, the two-brane charge no longer vanishes. It is because the 
contributions from the north pole and the south pole of the two-sphere do decouple. Then N$ 
takes the value +n (or — n) in the large n limit. Since the magnitudes of Ni and N 2 are 0(1), the 
noncommutativity G' ab become as follows after taking the large n limit, 

G' 12 = i\fn\ (or —iy/nl), G' 34 = — iy/nl (or i^/nl), 

G' ab = 0(l) ((a, b) + (1,2), (3, 4)). (29) 

Note that M- ~ 0. We have obtained the six dimensional noncommutative space whose coordinates 
have the following commutation relations, 

[G' 1 ,G' 2 ]=2il, [<%,(%] =-2il, [N[,N 2 ]=2il, (30) 



or 



[G' 1 ,G' 2 ]=-2il, [G" 3 , 0^=2*1, [N[,N 2 ]=-2il. (31) 



In the language of D-brane, a flat .D3-brane expands along the extra two dimensional plane and 
effectively form six dimensional space. We easily find that the fuzzy two-sphere plays the role 
of the symplectic form. Due to the presence of it, the symmetry of the plane is not 50(4) but 
SO(2) x SO(2). 

We next study an action of noncommutative gauge theory on the noncommutative plane. 
Although we have just obtained the six dimensional noncommutative plane, the two dimensional 
space is an extra dimensional space and we obtain a four dimensional noncommutative gauge 
theory. The matrices are expanded as 

At = x a + apa a 

= a P D a, 

A 5 = ap'fi, (32) 

where we have rescaled the field as y/na^ = a'. ad(D a ) is the covariant derivative on the flat 
background and is given by 

ad{D a ) = B ab -^ + K, • ]*, (33) 

where B\ 2 = 2i, B34 = —2i and other components of B a i are zero. It must be noted that the 
fields have dependence on not only G^ but also iVj. An action of the noncommutative Yang-Mills 
is obtained from an action of the matrix model as 

S = - { ^Tr ([D' a , D' b ] [D' a , D' b ] + 2[D' a , cj>'} [D' a , 0']) 

-^Tr [^[D'^+^'M) . (34) 

After replacing the trace with the integral as 
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we have the following action of the noncommutative field theory, 



Note that the fields propagate only on the x directions since there are no derivatives for y coordi- 
nates. After performing the integral d 2 y' , we obtain a four dimensional gauge theory with gauge 
coupling gy M = 32irg 2 /3Na 4 . 

3 Fuzzy 2/c-sphere 

3.1 Matrix description of fuzzy 2/c-sphere 

In this section, we study a higher dimensional fuzzy sphere |20[ 121 j and see that a lower 
dimensional fuzzy sphere is attached at each point on the higher dimensional fuzzy sphere as in 
the case of the fuzzy four-sphere. 

Let us start with the following SO(2k + 1, 1) algebra 3 

[Jmn, Jop] = 2 (jinoJmp + tjmpJno — vmoJnp — tinpJmo) , (37) 

where M, N, . . . run over to 2k + 1 and tjmn = diag(—l, 1, . . . , 1). dimensional representation 
of the algebra is constructed from the n-fold symmetric tensor product of the (2k + 1) dimensional 
Gamma matrices as 

Jon = (r M <g> i ® • • • ® i + 1 ® r M ® • • • ® i + • • • + 1 <g> i (8i • • • ® r M ) 5ym , 

<V = ®i®---®i + i®r |a/ ®---®i + -- - + i®i®---® i» %m . (38) 

fc(fc+i) 

The value of A/% is summarized in appendix [A] and becomes n 2 for a large n. We rewrite 
Jo M and Jp U as and G^, and they represent coordinates of a fuzzy 2/j-sphere and a fuzzy 
2{k — l)-sphere respectively as shown from now on. The commutation relations of them are given 
by 

[G>, Gv] = 2Gp V , 
[Gfj,, G u \] = 2 {^^yGx — dpxG^j , 

[Gfu,, G\ p ] = 2 (dvxGpp + 5p, p G v \ — bp,\G vp — 5 up Gp\j . (39) 

We can confirm that G^ satisfy the following relation, 

e^k^Q £ CkG (40) 



3 k — 1 case is special since G M „ is written by using the three-rank anti-symmetric tensor. In this case Gfj 
generate the SO(3) algebra. Some arguments of this section is applied for k — 1 case. 
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where is a constant which depends on n and e Ml "' M2fc + 1 is the SO(2k + \) invariant tensor. This 
relation respects the SO (2k + 1) symmetry which is the isometry of a 2A;-sphere. The radius of 
the fuzzy 2A:-sphere is given by 

= o^G^G^ = a 2 n(n + 2k) = p 2 . (41) 

We now show that a fuzzy 2(k — l)-sphere exists at each point on a fuzzy 2/c-sphere and 
coordinates of the fuzzy 2(k — l)-sphere are given by G ab (a,b = l,...,2k). We consider the 
algebra at the north pole of the fuzzy 2fc-sphere, G2fe+i — n - G ab are generators of the SO(2k) 
rotation around the north pole. The lower dimensional fuzzy sphere is embedded in the SO (2k) 
algebra. If we regard the vector coordinates of the 2(k — l)-sphere as iG a 2k, iG a 2k an d G a p 
(a, /3 = 1, ... ,2k — I) form SO(2k — 1, 1) algebra. This algebra indeed describes a fuzzy 2(k — 1)- 
sphere. G a 2k+i depend on G a and G a b since they are written as 

G a2k+ i = - (2kG a - G ab G b ) , (42) 

where we used the formula (|A.4|) . Since the fuzzy 2A:-sphere has the SO(2k + 1) symmetry, the 
fuzzy 2(k — l)-sphere exists at each point on the fuzzy 2A:-sphere. 

It can be proved that the fuzzy 2(k — l)-sphere on the fuzzy 2/c-sphere satisfies the relations 
which are analogous to (|40|) and (|41l) . To prove them, we use the following identifications 

A(2fc) _ A(2(fc-1)) -A(2fe) _ A(2(fe-1)) (A o\ 
^ — U a/3 ' lKj u2k — Kj a • 

We begin with the relation 1)10)1 for the fuzzy 2£;-sphere, and set G^fc+i = n -> 

Q n — e Vl---V2k 2k+lQ(2k) _ _ _ Q{2k) 
_ f m-H2k2k+lA(2k) ...M2k) 

A t 2fc-lM2fe 

= 2fce Ml '" M2fc - l2fc2fc+1 G ,(2fc) •••G l(2fc) 

M1M2 M2fe-i 2A: 

iOkeHi-tok-l 2^ 2fe+l ( A(2(fc-l)) . . . A(2(fc-1)) 

= _i2/te Atl '" At2fe - l2fc2fc+1 G' (2(fc ~ 1)) ---G' (2( ^ 1)) f44) 

Ml M2fe-1 ' \ ' 

The identifications (|43|) are used from the third line to the forth line. We have arrived at the 
following equation, 

e w---M2fc-i£(2(fc-i)) . . . Q(2(k-i)) = ±_ nC ^ (45) 

This expression is equivalent to the following expression (see appendix [XJ, 

= Ck^G^. (46) 

Then we have obtained the relation (|46|) for the fuzzy 2(k — l)-sphere from the relation (|4Uj) for 
the fuzzy 2/c-sphere using the identifications (|43|) . Let us now calculate the radius of the fuzzy 
2(k — l)-sphere using the relations for the fuzzy 2/c-sphere. From the formulae given in appendix 
EJ we can calculate as 



2kn(n + 2k) = <3g*>6g*> 
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M2k) A(2*) , M2k) A(2k) 
u ab ^ba t ZLx 2fc+l a^a 2k+l 



Then we have 



G^G^ + 2 (n(n + 2fc) - . (47) 



= (2k-2)n(n + 2k)+2Gg%Gg k l 1 

= 2kn(n + 2k -2), (48) 
where we used ^ah-i = n ' G a bGb a is also calculated as 

A(2fc)A(2fc) _ A(2fc) A(2fc) A(2fc) A(2fc) 
^ab ^ba — zu 2fc 0% 2k 

_ A(2(fc-l))A(2(fc-l)) 9 A(2(Jfe-l))A(2(Jfc-l)) 

= 2kG^ k ~^G^ k -^. (49) 

From the second line to the third line, we have used the following equation which is derived from 
(TO|l and (lA~3l) . 

G^*" 1 ^*" 1 " = (2* " 2)G( 2 ( fc - 1 ))G( 2 ( fc ~ 1 )). (50) 

Therefore we find from 1)48)1 and 1)49)1 that the fuzzy 2(/c — l)-sphere has a radius a 2 n(n + 2k — 2). 

The size of the extra dimensions is also given by p. 

Eigenvalues of the matrices represent the positions of quanta in the noncommutative space- 

fc(fc+i) _ „ 

time, and we have Nj. ~ n 2 quanta in this system. For the k = 3 case, we have N3 ~ n 

quanta. Since a fuzzy four-sphere exists at each points on a six-sphere, there are n 3 points on the 
six-sphere and N2 ~ n 3 points on the fuzzy four-sphere. Since the fuzzy four-sphere has a fuzzy 
two-sphere at each point, n 3 can be divided into n 2 -n. For the k = 4 case, N4 ~ n 10 = n 4 -n 3 ' -n 2 -n 
where each factor represents the number of the quanta on an eight-sphere, a six-sphere, a four- 
sphere and a two-sphere. The area of the unit quantum on a 2/c-sphere is given by 

9 fc+| 2k AT „2fc 



where p^, + ?n P 2fc is the area of a 2A;-sphere. This is a noncommutative scale on this system. 

We began with l)37|) or 1)39)) for the fuzzy 2/c-sphere algebra. On the other hand, we may use 
the SO(2k + 1) algebra as the definition of the fuzzy 2/c-sphere algebra thanks to the isomorphic 
relation between S0(2k + 2)/U(k + 1) and SO[2k + 1)/U(k). This relation also helps us to guess 
the relationship between the fuzzy 2A;-sphere and the fuzzy 2{k — l)-sphere as follows. If we start 
from the coset space SO(2k + 1)/U(k), it is written as 

SO(2k + l)/U{k) = S0(2k + l)/SO(2k) x S0(2k - 1)/U(k - 1). (52) 

This shows that a fuzzy 2{k — l)-sphere exists at each point on a 2A:-sphere. 

We can show that lower dimensional brane charges in the fuzzy 2/j-branes vanish. Let us first 
consider the k = 3 case. A two-brane charge tr\x^,Xy\ vanishes because of the cyclicity of the 



11 



trace for finite matrices. As for a four-brane charge, we consider at the north pole for simplicity, 
and use the identification (|43j) for k = 3: 

A four-brane charge is given by a completely anti-symmetrized product of four matrices as 
Trx^XbXcXd] = a 4 TrG[ a GbG c G When the indices do not include 6, it becomes as 

e M Tr[Gf> ,&f\Gf\Gf] 
= e abcde Tr[G^> ,G { h A) ][G^\Gf] 
= e abcde TrG^G { b A) GfGf 

= TrG® = 0. (54) 

We have used the identification (|53j) from the first line to the second line. When the indices 
include 6, we can calculate as 

e abcde Tr[G^,G { b 6) ][Gf\GP) 
= -2ie abcde Tr[G^ ,G { b ] ]G^ 
= -2ie abcde TrG^G ( b A) G^ 

<xTr[Gf,Gf>] =0. (55) 

Therefore the four-brane charge vanishes. We have shown that lower dimensional brane charges 
vanish at each point on the fuzzy six-sphere. They do not vanish after the contraction of the 
algebra (see the next subsection). Results for the k = 4 case are analogous. 

Noncommutative field theories on the fuzzy spheres can be defined through matrix models by 
the same way as in section l2~2l Fields are expanded by the noncommutative spherical harmonics. 
It is characterized by the irreducible representations of SO(2k + 1) which are represented by the 
Young diagram of the low length (n, r^-, • • • , r&) where n > r% > T2 > • • • > r&, and summing up 
the dimensions of all irreducible representations leads to the square of Nk [1P_ . Coordinates which 
correspond to the representation with rk{k > 3) ^ are written in terms of G a and G a b at each 
point on the fuzzy 2/c-sphere. Then the fuzzy 2/j-sphere is a k(k + 1) dimensional space and it has 
an extra k{k — 1) dimensional space which forms the fuzzy 2(k — l)-sphere. 

Before finishing this subsection, let us comment on a large N limit which gives a smooth 
manifold. A classical manifold is recovered by a large N limit with the radius p fixed. In the limit, 
the coordinates x^ and become commuting matrices. Since the coordinates w^ u originate from 
the lower dimensional sphere, we obtain the classical manifold S 2k x 5 2 ( fc_1 ) x ■ ■ ■ x S 2 . 

3.2 Contraction of fuzzy 2A;-sphere algebra 

The contraction of the fuzzy 2/c-sphere algebra is considered in this subsection. It is shown that 
there appear a k(k + 1) dimensional noncommutative plane including k(k — 1) extra dimensions 
which originate from the lower dimensional fuzzy-sphere. We first consider the k = 3 case. We 
rescale the generators as G' a = -j=G a and G' ab = -j=G a b (a,b = 1, ... ,6) for later convenience. 
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The commutation relations between G' become 



[Ga-> Cfo] = —j=G b . (56) 



The SO (6) generators G a b are identified with the generators of the fuzzy four-sphere algebra as 
in Q53|) . G5 is diagonalized as 

G^ ] = diag(n, n - 2, ■ ■ ■ , -n + 2, -n). (57) 

We consider the region in the vicinity of the north pole of the four-sphere, G5 ~ n and take a 
large n limit to obtain a infinitely extended plane. We can also diagonalize = —jVab^ab 
which is defined in ()12|) . In the region, the generators become as G^' — 0(1), ~ 0(1) and 

iVg 4 "*' ~ y/ri. Referring to the discussions in section l2~3*l we obtain the following twelve dimensional 
noncommutative plane: 

[G^Gy = ~ ; 7=G\2 = 2il, [G" 3 ,G" 4 ] = —=G^ = —2il, 
[G" 5 ,G' 6 ] = ^ 4)/ = -2,l, 

[G' 16 , G' 2 q] = — [g[ \ g 2 ] = — 2il, [G" 36 , G'^q] = — [G 3 \G^ ] = 2il, 

[G' 13 ,G' 23 ] = [G[f,G$'] = -[Nt>,m = -2,1. (58) 

Other commutation relations are zero. The forth and fifth commutation relations come from the 
fuzzy four-sphere and the last one from the fuzzy two-sphere. If we apply the same procedure 
to the k = 4 case, we obtain a twenty dimensional noncommutative plane with twelve extra 
dimensions. We find that the lower dimensional sphere gives the symplectic structure and the 
symmetry of the noncommutative plane is SO(2) k . 



4 Fuzzy sphere as classical solution of matrix model 

We consider matrix model realizations of the fuzzy spheres in this section. Original matrix 
models |H] do not have static higher dimensional fuzzy spheres as classical solutions. Let us 
consider IIB matrix model El example, 

S = ~^2 Tr [\[\,^][A„A U ] + ~#^LVV>]) • (59) 

Supersymmetries of this model are given by 

6&il> = l - L4 M , A u \ T^e, tftiAp = iePV, 

= £, S^A„ = 0, (60) 

and these form N = 2 supersymmetry algebra. 

In the matrix model, eigenvalues of bosonic variables are interpreted as space-time coordi- 
nates Space-time coordinates are represented by matrices and noncommutative geometry 
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is expected to appear. A flat noncommutative space which is given by the following is a formal 
classical solution of this model in a large N limit, 




(61) 



and this solution preserves the M = 1 supersymmetry. We can embed a noncommutative manifold 
whose isometry is a subgroup of 50(10) in the matrix model. The fuzzy spheres satisfy this 
condition. Since the fuzzy 2fc-spheres satisfy the following equation 



the fuzzy 2/c-sphere becomes a classical solution of the matrix model by adding a (2k + l)-rank 
Chern-Simons term or a mass term. A Chern-Simons term appeared in a low energy effective 
action of D-branes under a R-R background [5] . A matrix model with a mass term is investigated in 
|14j . See also |31| in which a massive matrix model is analyzed form the viewpoint of a supermatrix 
model. At present it is not clear whether the matrix model receives such deformations. The issue 
should be discussed in the future publications. The embedding of the curved space-time in matrix 
models is also discussed in [IH1 [HJ EHl EH EH1 EEl E3 

Although the fuzzy sphere solutions do not preserve the supersymmetry, it is shown to be 
recovered locally on the sphere. (It can be easily checked that (|3U|) and (|58jl preserve the M = 1 
supersymmetry.) As for the fuzzy two-sphere, we can construct matrix models in which the 
fuzzy two-sphere is a supersymmetric classical solution |13l I32j . In these deformed models, the 
supersymmetry transformations are deformed such that the fuzzy two-sphere is supersymmetric 
and form a J\f = 2 algebra in spite of the deformation. 

The advantage of the matrix model construction of noncommutative gauge theories is that the 
gauge symmetry is manifest. If we expand around a classical background as 



the fluctuation a M behaves as a gauge field on a noncommutative background x^. The gauge 
symmetry in noncommutative gauge theories originates from the unitary symmetry of the matrix 
model, and is a gauge covariant quantity. By considering such a expansion, the relationship 
between matrix models and field theories becomes more manifest. One can introduce a natural 
ultraviolet cut-off which is given by the size of matrix into noncommutative Yang-Mills theories, 
and letting it large in a way leads to usual field theories. Fluctuations of different backgrounds 
in the matrix model are described by different gauge theories. From this point of view, A^ are 
clearly background independent |33| . 

5 Dielectric effect and higher dimensional fuzzy sphere 

k(k-l) 

In this section, we show that n 2 spherical D(2k — l)-branes give a fuzzy 2A:-sphere in the 
matrix model. The existence of lower dimensional fuzzy spheres is understood from the dielectric 

4 Note that Ck(k 7^ 2) depend on n while C2 does not. The equations of motion determine the dimension of the 
fuzzy sphere for k 7^ 2. 



[G u , [Gfj,, G u ]] — 2[G U ,G^ U ] — —16G^ L 




(62) 



Aft — Xfj, + fi 



(63) 
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effect. The first point is established by calculating the value of the action (|59|) for iuvLy spheres. 
This calculation is analogous to the calculation for flat D-branes in [HHJ. We identify g 2 as g s l s 4 
in this calculation, where g s and l s are the string coupling constant and the string length scale 
respectively jSj. It seems reasonable to suppose that the string length scale is related to the 
noncommutative scale on the fuzzy sphere. (See, for example, jSU] on this point.) From Q51|) we 
can find the following relation, 

If ~ ^ ~ a2knk - ( 64 ) 

■nr 

The value of the action for a fuzzy sphere is estimated as follow, 

1 tTtIa^AvWA^kX 



4g s ir 1 ^ Sl 

a 4 . * 
rTrGiujG, 



a 1 



9 si. 



9sh 

N k 2kn(n + 2k) 



' p 2k N k ^. (65) 



a 1 2k 

where g s l s 2k is the tension of a D(2k — l)-brane up to a numerical coefficient. ~ means that we 

fc(fc-i) 

considered a large n. This is the energy of N k -i spherical D{2k — l)-branes, where Nk—i ~ n 2 
We can conclude that a fuzzy 2/c-sphere is comprised of N k -\ spherical D(2k — l)-branes. On 
the other hand, we showed that a fuzzy 2/c-sphere has a fuzzy 2(k — l)-sphere at each point. 
The consistency of these two viewpoints becomes clear by considering the dielectric effect. We 
may say that D-instantons are present at each point on the D(2k — l)-branes since we are 

considering N^-i D{2k — l)-branes. Since Z}-branes expand into a fuzzy sphere under a constant 
anti-symmetric tensor background due to the dielectric effect (Hj, the N k -\ -D-instantons expand 
into a fuzzy 2{k — l)-sphere. It must be noted that coordinates of the fuzzy 2{k — l)-sphere are 
embedded in extra dimensions. It is known that matrix descriptions of D-branes correspond to 
D-branes under NS-NS or R-R form backgrounds. D-instantons under a constant R-R three- 
form field strength background expand to a fuzzy two-sphere. In general, D-instantons under 
a R-R (2k + l)-form field strength background expand to a fuzzy 2/c-sphere. A fuzzy 2(/c — 1)- 
sphere appears at each point on the fuzzy 2/c-sphere since a constant (2k + l)-form contains lower 
dimensional forms. This section can be summarized in the following sentences: A fuzzy 2k-sphere 
is given by a bound state of N k _\ D(2k — \)-branes and N k D-instantons. The dielectric effect 
occurs at each point on the D(2k — l)-branes, and this effect makes extra spherical spaces. 



6 Summary and Discussions 

In this paper, we studied matrix descriptions of higher dimensional sphererical branes. A 
higher dimensional sphere which is described by the coset space SO(2k + 1) / SO(2k) can not be 
quantized since it does not admit a symplectic structure. Instead of considering this space, we 
consider the coset space SO(2k + 1)/U(k). It is a Kahler space and a symplectic structure is 
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given by a Kahler form jHUj. We showed that there is a fuzzy 2(k — l)-sphere at each point on 
the fuzzy 2fc-sphere. The fuzzy 2/c-sphere is a k(k + 1) dimensional space including k(k — 1) extra 
dimensions. The coordinates of the fuzzy 2fc-sphere and the fuzzy 2(k — l)-sphere which exists at 
each point on the fuzzy 2/c-sphere are given by G^ and G^ v respectively. The lower dimensional 
spheres serve the symplectic structure. This fact becomes more obvious after the contraction of 
the algebra as discussed in section 12.31 It is well known that the quantum Hall system is an 
example of noncommutative geometry. As is discussed in [23], the quantum Hall system on a 
four dimensional sphere is constructed by considering a system of particles under a SU (2) gauge 
field. The existence of the gauge field background produces the noncommutativity, and the same 
observation applies to the fuzzy sphere system. The existence of the lower dimensional fuzzy 
sphere produces the noncommutativity on the higher dimensional sphere. 

The values of the matrix model for fuzzy spheres are computed in section The computa- 
tion shows that the fuzzy 2/c-sphere system is composed of Nk-i D(2k — l)-branes where Nk-i 
corresponds to the dimension of the fuzzy 2(k — l)-sphere. The fuzzy 2fc-sphere is formed from 
Nk D-instantons under a constant R-R (2k + l)-form field strength background. This is the so 
called Myers effect. Since the (2k + l)-form includes a (2k — l)-form, the fuzzy 2(k — l)-sphere 
appears on the fuzzy 2/c-sphere. This is also due to the Myers effect. The appearance of the fuzzy 
2(k — l)-sphere is closely related to the overlap of Nk-i D(2k — l)-branes. The Myers effect arises 
in such a interesting way for higher dimensional spheres. 

It is known that a matrix model around a noncommutative background gives the definition 
of a noncommutative Yang-Mills theory on the background. A noncommutative Yang-Mills on 
a fuzzy sphere is obtained through a matrix model. Since we take account of fluctuations only 
around Gu, we would obtain a 2k dimensional noncommutative Yang-Mills. The extra k(k — 1) 
dimensional space plays the same role as the gauge field background in the quantum Hall effect. 

The advantage of compact noncommutative manifolds is that one can construct them in terms 
of finite size matrices while a solution which represents a noncommutative plane cannot be repre- 
sented by finite size matrices. Prom the viewpoint of noncommutative field theories, N plays the 
role of the cutoff parameter. The noncommutative field theories are completely finite as long as 
N is finite. We showed that a gauge theory on a noncommutative plane were reproduced from a 
gauge theory on a fuzzy sphere by taking a large N limit. The existence of the symplectic form 
breaks the full Lorentz invariance of the plane and we obtaine a noncommutative plane which is 
the Heisenberg algebra. 
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A Some formulae 

In this appendix, we summarize several formulae involving G^ and G^ u in diverse dimensions. 
Gfj, and G^v are generators of SO(2k+l, 1), and they are constructed from the ra-fold symmetrized 
tensor product of the Gamma matrices. The dimensions of the representation are given by 

7Vi = n+l, N 2 = l(n + l)(n + 2)(n + 3), 
o 

^3 = ^> + l)(n + 2)(n + 3) 2 (n + 4)(n + 5), 

N4 = 302100 {n + 1)(n + 2)(n + 3)2(n + 4)2(n + 5)2(n + 6)(n + 7) ' (A-1) 
These are calculated in [20]. We have the following invariants 

G>G> = n(n + 2A;) (A.2) 

and 

G^G v ^ = 2kn{n + 2k). (A.3) 
The following relations are also satisfied 

G^Gv = 2kG„ (A.4) 

and 

G^G uX = n(n + 2k)5^ x + (k - 1)G M G A - kG\G^. (A.5) 
satisfy the following relation 

eW -™ fe+ x Gw . . . ^ = C fc G M2fe+1 (A.6) 
where e^ lfl2 "' fl2k ^ 2k + 1 is the SO(2k + 1) invariant tensor. C& is a constant which depends on n, 

C 1 = 2i, C 2 = 8(n + 2), C 3 = -48i(n + 2)(n + 4), C 4 = -384(n + 2)(n + 4)(n + 6). (A.7) 

The details of this calculation are given in jHJ. By multiplying the equation (|A.6|) by G fl2k+1 , we 
have 

£ "-WG, r .G (sl C BW = C»n(n + 2*) 

where we have used the following relation which is found from (|A.7|) . 

C k = -i2k(n + 2k-2)C k - 1 . (A.9) 
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B Notations of Gamma matrices 

We summarize an explicit representation of Gamma matrices in odd dimensions d = 2k + 1. 
Higher dimensional ones are composed of lower dimensional ones as 

r„ = [ .° ~* 7 " J = 7^2 (// = 1 2fc-l), 

( l2h-l \ , 
=1, = l 2 k-i <g> 01, 






-*7m ] _ 


*7m 


° r 





i 2 fc-i \ 


l 2 fc-i 


° / 


l 2 fc-i 








— l 2 fc-l 



r d = \ \ n =lak-i®«7 3 , (B.l) 

where 0^ is the Pauli matrices. They satisfy the Clifford algebra, 

{r M ,r,} = 2V (fx,u = l,...,d = 2k + l). (B.2) 
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